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Abstract  
Optimization of Medical Guidewires Through Controllability Matrix 
Jason Stephen Burns 
Sorin Siegler, Ph.D. 
Allon Guez, Ph.D.  
 
 
 
 
The procedure of catheterization with the assistance of guidewires is a very common 
practice in the medical field currently. This procedure can occur during many 
different types of treatments, for example catheterization can be used for draining 
fluids in the body, direct measurement of blood pressure in various arteries or veins, 
or for balloon angioplasty and stenting (Rutherford, 2005). Guidewire construction is 
currently viewed as more of an art than a science, with company secrets leading to 
mysticism surrounding the manufacture of these devices. This paper’s goal is to use 
a mathematical approach to model a guidewire and then analyze its properties, 
leading to the ability to optimize the manufacturing of medical guidewires. The first 
section describes the current state of guidewire technology with a critical review of 
several products currently on the market. The following section has an overview of 
controllability and observability theory and how this can apply to the manufacture of 
current guidewires and to the creation of the next generation active catheters and 
guidewires. The third section details the finite element-based modeling which will be 
employed in the analysis. Following this, the results are displayed. This work shows 
 ix 
 
that using the controllability of a dynamic model of a guidewire can lead to 
optimized design points for manufacturing. Lastly, the expected benefits of this work 
as well as future work to be conducted are discussed. 
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Chapter 1: Current State of the Art 
a. Background 
Surgeons must undergo extensive supervised training in order to become 
adequately skilled in the catheterization procedure. No easy solution is available for 
the difficult task of threading the guidewire from the access point to the goal. 
Because of this, there is mysticism about how exactly to feed the wire through the 
extremely tortuous passages that are prevalent within the body, and each surgeon 
will employ methods that he feels comfortable with.  
For the procedure, there is no universal choice of tool. Each surgeon will learn the 
catheterization procedure on a certain make of guidewire, and become comfortable 
with it. This leads to the assumption that there may be room for improvement in the 
design of guidewires beyond that of personal preference.  
Trade secrets are common in the medical devices industry. Companies do not 
divulge the “artistic” design decisions or scientific method of their guidewire 
manufacturing, making it difficult to analyze various guidewires for the properties 
that make them useful, such as controllability. The types of products that relate to 
procedures that guidewires are used in can be broken down into three categories: 
insertion, navigation, and task-based.  
b. Similar Products 
The insertion category involves products that deal with the initial incision and 
maintaining the incision’s integrity. Three products fall in this category, the entry 
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needle, the entry guidewire and the sheath. The entry needle is used to puncture 
the skin and artery, and is then followed with guidewire. The sheath is then placed 
over the guidewire, and serves as the entry point for all further instruments. One 
feature to note of the sheath is a hemostatic valve that prevents any unwanted flow 
of blood. This valve forms around any guidewire or catheter inside the sheath, and 
can be seen in Figure 1. 
 
 
 
 
Figure 1. A sheath with hemostatic valve shown 
 
 
 
 If multiple catheter/guidewire exchanges are not planned (for example, in a simple 
diagnostic procedure) then the sheath can be omitted, and a full-length guidewire 
can be inserted directly through the entry needle as opposed to a shorter entry 
guidewire. Some common features to sheaths are side-ports (for distributed 
radioscopic die injection), radiopaque markers (which allows better visualization), 
and the previously mentioned hemostatic valve.  
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Following insertion, the devices that navigate to the desired site are used. This 
category is comprised of various length guidewires as well as guiding and directional 
catheters. The traditional guidewire is constructed of a core of solid material which 
is called the mandrel, and a wrapped outer layer of stainless steel. The stiffness of 
the wire is largely due to the mandrel, and some manufactures take advantage of 
this to create movable core wires. These are characterized by a tip that has a 
stiffness that can be changed based on how close the mandrel is to the end of the 
wire.  
A recent development in materials has been a mandrel created with a nickel-
titanium alloy and a coating of polyurethane, for example the Turemo Glidewire. 
This combination resists permanent kinking of the material, increasing durability, 
and also allows for excellent friction characteristics. 
Another main feature of guidewires is tip selection. Depending on the anatomy and 
procedure, either a straight, angled, or J-tipped end can be selected by the surgeon. 
Each have their advantages and disadvantages. The main mechanical properties of 
the guidewire are its contact friction, diameter, and stiffness. The friction is 
dependent on the coating or material that is used on the exterior of the wire. The 
stiffness is dependent mainly on the material chosen and that material’s diameter. It 
is this property, the stiffness of the wire, which is being investigated in this paper. 
The stiffness that is most desirable can be stated as “…the most flexible shafted 
guide wire that provides sufficient support to achieve the desired catheter or device 
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position, […] bearing in mind that larger and stiffer devices, such as stents and 
endoluminal grafts, require stiffer wires to reliably track over.” (Rutherford, 2005) 
From this, it can be seen that a wire’s stiffness requirement changes as the position 
of the device changes as well as the tools being used with the wire. A review of 
several guidewires can be seen in  
 
Table 1. Common guidewire brands (Kruse, 2007) 
Device Diameter (mm) Length (cm) Material 
Benston Starter .89 180 Stainless Steel 
Safe T-J
 
.89 .180 Stainless Steel 
Wholey
 
.89 145 Stainless Steel/Gold 
Glidewire .89 180 Nitinol/Polyurethane 
MagicTorque .89 180 Stainless Steel 
Nitrex
 
.89 260 Nitinol/Gold 
 
 
 
Along with guidewires in the navigation aspect of these procedures are guiding and 
directional catheters. Guiding catheters have a larger lumen to allow smaller lumen 
catheters with devices (such as stents) to pass through with minimized friction 
relative to the artery wall. Directional catheters are used in conjunction with 
guidewires in order to add more control to the stiffness or orientation of the tip of 
the guidewire. Similar in idea to the movable core guidewires, the directional 
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catheter allows a variable stiffness by sliding the catheter relative to the tip of the 
wire. 
Once the location has been reached, several devices can be employed with various 
effects.  A few of these are the guiding catheter (now considered as a dye injector), 
balloon angioplasty catheter, or the intravascular stent. The guiding catheter can be 
used (due to its large lumen size) as a channel for the fluoroscopic dye injection.  The 
balloon catheter travels to a stenosis and can be inflated, permanently opening the 
blood vessel for better flow. The salient characteristics of the balloon are “the 
balloon material, the presence of friction-reducing coatings on the balloon and/or 
catheter shaft, the length of catheter tip extending beyond the balloon, and the 
length of the “shoulder” of the balloon (that part of the balloon at each end that 
does not achieve the rated balloon diameter but tapers to its attachment site on the 
shaft of the balloon).” (Rutherford, 2005) 
If more assurance is needed in this scenario, a stent can travel up to the site coupled 
to the balloon, and will become permanently deployed. A stent is a cylinder that 
remains in vivo after the procedure is finished, bracing the artery wall from 
restonosing.  Stents are classified mainly by their radial strength, method of 
deployment, radiopacity, and flexibility. A deployed and undeployed stent can be 
seen in Figure 2. 
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Figure 2. A Palmaz P308 stent. The undeployed version is seen at the top while the deployed version 
is seen at the bottom. (Rutherford, 2005) 
 
 
 
Chapter 2: Controllability and Observability Theory: Basic Review 
c. Formal Mathematical Problem Statement 
Using the well understood method of Lagrangian dynamics, the complete non-linear 
dynamical equations of motion of the guidewire are developed in the form 
 ))(),(),(()( tptutxftx =&  (1) 
where x(t) is the state vector, u(t) is the input vector, t is time, and p(t) is a 
parameter vector which contains the mechanical properties of the wire and 
potentially disturbances. This non-linear model can be linearized about some 
nominal trajectory Xn(t) using the Jacobian linearization technique. This method 
utilizes the fact that a non-linear model behaves similar to a linearized model over a 
small neighborhood about an equilibrium point.  Taking some equilibrium point (x0, 
u0) and using 
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where x(t)* and u(t)* are the state and input vectors considering deviation about the 
equilibrium point, fi is the i-th equation of motion, n is the number of states, and p is 
the number of inputs, then the linear time-invariant equations can be generated. 
The non-linear equations are explicitly defined with p(t), and this parameter vector 
remains after the linearization. Therefore, the linearized model is of the form 
 
*** )())(()())(()( tutpBtxtpAtx +=&   (3) 
where the A and B matrices are now functions of the parameter vector. Now the 
model can be analyzed with well-known techniques in linear time-invariant control 
theory. Two concepts that will be utilized from this theory are controllability and 
observability. Controllability is defined as the ability to reach any state in the state 
space from any other state in a finite time with well-behaved control inputs. 
Observability is defined as the ability to deduce the current state x(t) with only 
knowledge of the outputs y(t) from an initial time. For this linearized model, we are 
dealing specifically with small-time local controllability (Sussman, 1987). 
In regards to catheterization, these definitions could be important in classifying the 
effectiveness of catheters and guidewires. The controllability of a guidewire can be a 
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measure of ease of manipulation of the wire during complicated maneuvers during a 
procedure. One example of a complex maneuver is during a vascular catheterization, 
where the catheter must navigate through the aortic arch. Assuming the 
controllability of the guidewire can be analyzed for this maneuver, then the 
parameter vector can be searched in the linearized model to determine optimal 
mechanical properties of the guidewire that create the best controllability. 
d. Interpretation of Problem Statement 
Consider two scenarios: a guidewire in the aorta being pushed and attempting to 
travel distally, and a guidewire in the aorta attempting to gain access to an artery 
that branches off. 
In the first case, it is apparent that good stiffness is required so that pushing on the 
proximal end transfers to the distal end rapidly. If stiffness was not adequate, 
buckling in the wire would occur. Here we can see that one level of stiffness is more 
beneficial than the other in this “pushability” test.  
In our second case, some trajectory is being attempted, and our model can be 
linearized about this trajectory. Using our notion of controllability as a grading 
mechanism, we can view how controllable the model is at various points during the 
maneuver, and then rank the effectiveness of various values of our parameter 
vector. This will lead to a suggested set of values for the construction of a guidewire 
that will lend to better efficacy during catheterization procedures. 
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In addition to potentially ranking the current models of guidewires as detailed in the 
previous sections, this analysis can lead to a next generation of active catheters 
(Langelaar et al., 2004) and active guidewires. These variable stiffness structures can 
be manufactured with shape memory alloys (SMAs) as described by Langelaar, and 
have individual segments of the structure change stiffness. These structures could 
have many benefits in an in vivo procedure where control and physician input is 
currently only capable ex vivo. Specific to a catheterization for example, much better 
control over the tip as it passes over a lesion in an artery could be obtained, as not 
only can variable stiffness be obtained, but planar bending of approximately 4 
centimeters has been reported by Langelaar. This would be an added level of control 
over the pushing and torqueing currently available to the physician, which has the 
effect of reducing the skill required for the procedure. These benefits will be 
explored in a later section. 
Parallel to controllability is another concept from control theory: observability. 
Observability, defined above, is crucial for most analytical control methods. In the 
case of catheterizations, this concept would have an application to the previous 
discussion of next-generation active catheters and guidewires. If such a device were 
to be manufactured, there would be far more control inputs to be manipulated than 
a human operator could comfortably deal with. Therefore, a control scheme along 
with a robotic manipulator and physician oversight would be one way that the active 
device could be implemented. For such an implementation, the system would need 
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to be observable in order that the control scheme functioned correctly. The concept 
of observability can thus be applied to the manufacturing of these devices similarly 
to how controllability can affect the manufacturing process. 
There is now a need to define a metric to analyze the controllability and 
observability of a guidewire. Consider the controllability matrix 
 ]...[ 12 BABAABB n−=C  (4) 
where A and B are matrices from a linear time-invariant system. Controllability in 
this traditional sense is defined as if the rank of C is equal to the dimension of the 
system then the system is controllable. If the system fails this test, this method does 
not give information as to the degree of controllability that is still available. It is 
assumed that the model from  
Figure 3 is not controllable in this sense as there are many more degrees of freedom 
than there are inputs (assuming we can only influence the wire’s motion with a force 
input on the initial link and potentially a torque on the distal end), and therefore C 
will not be of any use as it is. Therefore, another method to measure the 
controllability is suggested, which is to use the condition number of the 
controllability matrix. 
The condition number can be defined, using the L2 norm, as the ratio of the 
maximum singular value of a matrix to the minimum singular value. The application 
of this to the controllability matrix relates to the standard definition of on-off 
controllability, namely that if the rank of C is equal to the order of the system, then 
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the system is controllable. Consider a diagonalized 3x3 controllability matrix. If the 
diagonal entries are all equal to one, we can see that this system passes the 
controllability test. This matrix would have a condition number equal to one, as the 
maximum and minimum singular values are both one. If the first entry is increased 
while decreasing the last entry, it can be seen that controllability is being “lost” until 
a certain threshold is reached when the maximum entry is much larger than the 
smallest entry. At this point, control over the state corresponding to that smallest 
entry is lost. A matrix with this property would have a very large condition number, 
because the largest singular value is much greater than the smallest singular value. 
Using the condition number on the controllability matrix is therefore a measure of 
controllability that gives information as to partial, or relative, control over a system. 
This is advantageous compared to the on-off measure given by the rank test of the 
controllability matrix. 
Similar to the controllability matrix is the observability matrix, defined as  
 ']...[ 12 −= nCACACACO  (5) 
where A and C are matrices from a linear time-invariant system, and the apostrophe 
denotes the transpose. The discussion about measuring the observability matrix 
parallels that of the controllability matrix, leading to the fact that the condition 
number can be a useful measure of this test. 
With the condition number measuring controllability and observability, and our 
parameter vector explicitly defined in the model, the next step is analysis. One 
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approach to this is the forward problem, and a secondary approach is the reverse 
problem. Before these are delved into, the generation of the dynamic equations is 
explained. 
The first application of this method is the forward problem. This entails determining 
the controllability of a certain make of wire with set characteristics for a set 
trajectory. If a certain configuration and input would like to be assessed for a certain 
set of mechanical properties, then the A and B matrices of the linearized system 
would need to be generated from the non-linear model using the Jacobian method 
at the configuration desired, and then the condition number applied to the resulting 
controllability matrix. This is a beneficial method for testing current designs of 
guidewires to compare one make’s mechanical characteristics relative to another 
make. For the task of finding an optimal set of mechanical properties, the reverse 
problem is better suited to finding a solution. 
The reverse method involves linearizing the model from the nonlinear dynamic 
equations with the parameters of the wire left explicitly in the A and B matrices 
during the derivation, as opposed to substituting in known values of a certain make 
of wire. If the parameters are explicit in the A and B matrices, they will be explicit in 
the controllability matrix, and therefore in the condition number. With this 
framework, for a given configuration or trajectory, the vector of parameters can be 
searched to find the best condition number, therefore giving the optimal design of 
the guidewire for that configuration. 
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Chapter 3: Obtaining Dynamical Equations 
e. Lagrangian Dynamics 
The guidewire will be idealized as a series of rigid links connected by revolute joints 
(for the planar case) or spherical joints (for the 3-d case) where each joint has a 
torsional spring acting to resist deflection (no friction is assumed). The degrees of 
freedom for a planar guidewire model will be x1, y1, θ1,…, θn, as shown in 
Figure 3. A planar representation of the torsional springs can be seen in 
Figure 4. 
 
 
 
 
Figure 3. Definition of model and states. The first link is defined by the center of mass position and 
position relative to a global reference frame. Each successive link is defined by the angle from the line 
extended from Linkn-1 to Linkn. 
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Figure 4. Three link planar approximation of a wire. The torsional springs can be seen to replicate the 
stiffness of a guidewire, creating a restoring moment when deflected through an angle. 
 
 
 
With these assumptions, the Lagrange approach is taken. The general equation is 
 i
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where L is the Lagrangian which is the total energy of the system, iq is the i-th 
degree of freedom of the system, and iQ  is the i-th generalized force.  
The kinetic energy of a rigid bar is in general 
 
22
2
1
2
1 θ&ImvT +=   (7) 
where m is mass, v is velocity, I is moment of inertia, and θ&  is the angular velocity of 
the bar. For the potential energy, there will be a torsional spring as seen in Figure 4 
inserted in between any consecutive links. The potential energy is then 
 
2
2
1 θkV =   (8) 
for each torsional spring inserted. At this point, the Lagrangian is formed by 
summing the kinetic energy of each bar and subtracting the potential terms. 
Torsional 
Springs 
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Depending on how the angles are defined, the energies must be summed 
accordingly, so care must be taken in this step. The potential generalized forces that will 
be considered are forces acting on the first link in the X and Y directions, as well as potential 
torque acting on the distal link. Combining these forces with the general equation 
results in the non-linear dynamical equations.  
 
f. Model Parameterization 
In order to explicitly define the model by the mechanical properties, a substitution is 
made. Equivalence between a flexible beam (representing the actual wire) and a 
rigid bar with a torsional spring (representing the idealized model) is made. 
The deflection for the beam and bar can be found and compared, and with a small 
angle assumption (which should be valid as long as the link length is small enough), 
the relationship between Young’s modulus and the spring stiffness, k, is found as 
 
l
EIk 3=   (9) 
where E is the Young’s Modulus, I is the moment of inertia, and l is the length of 
discretization of the rigid links in the idealized model. For a wire with a circular cross 
section, the moment of inertia is 
 16 
 
 
64
4dI pi=   (10) 
With this relationship, the two primary mechanical parameters, diameter and 
Young’s Modulus, are explicitly defined in the model. These can then be analyzed in 
the reverse problem. 
 
Chapter 4: Expected Benefit 
The hope for this work is that once the controllability measure is well understood, 
the parameters for the construction of an optimal guidewire will be known. This 
knowledge can be applied to the construction of the next generation of guidewires, 
which will potentially increase the efficacy of the vascular stenting procedure. The 
results of this work will be applicable directly to vascular stenting, as well as to any 
medical procedure involving guidewires. 
The benefits of having a guidewire which is better suited to arterial navigation are 
many. From both medical and monetary considerations, the advancement of this 
technology shows promise. 
From the example of trajectory tracking, it can be seen that far more precise 
procedures are possible. From a clinical standpoint, this precision can lead to less 
irritation from unwanted contact with arterial walls and also reduce the risk of 
perforating the wall. The greater precision from the business standpoint gives 
physicians much more capability in their procedures. Due to the fact that 
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malpractice suits are all too common today, some physicians might shy away from 
risky procedures due to a lack of confidence in the current state of the art tools. 
Equipping and training these physicians with far more advanced tools would boost 
confidence and allow more procedures to be done that may not have been before, 
which benefit the economics of the performing physician. 
A result of greater precision beyond that discussed already is a faster procedure. 
This leads to several important advantages: less trauma to the patient due to less 
operating time, less usage of toxic fluoroscopy for visualization, and better usage of 
hospital resources as the physician and accompanying staff can move on to their 
next patient more rapidly.  
Hospital resources will also be better used in other ways. If the efficiency of the wire 
is increased leading to better precision and operating time, it follows that the user 
may be able to train for a catheterization procedure in a shorter period of time, 
decreasing the amount of time that the user is not bringing in revenue. With a more 
accurate and precise tool, the surgeon will be training for a shorter period of time, 
and perform tasks that increase revenue. 
In the future, this work can lead to an increase in automation in catheterization 
procedures. With physician oversight, a scenario where a robot controls the 
insertion, navigation, and implementation of certain tasks during catheterizations is 
possible. This work is the bridge between the current state of the art and what could 
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be done in the future with automation, which has benefits of time reduction and 
increased precision as well.  
One way this could be implemented is with a physician creating several waypoints in 
the patient that would need to be traversed for the procedure. From these, a 
trajectory could be calculated. Over this trajectory, the optimal stiffness for each 
segment of the guidewire can be precalculated. As the wire passes through the 
patient trough the movement of a robotic mechanism ex vivo, a controller can alter 
the stiffness of the segments as they pass through the body, so that the wire has 
good stiffness properties as it navigates the vascular system. The tip of the wire can 
be controlled also, allowing easier navigation of severely tortuous or branched 
arterial networks. Such a system would free up physicians for other tasks, once again 
saving time and benefitting the business aspect of health care. 
On the manufacturing end, the optimal mechanical parameters for the current 
guidewires would be known, removing the art from this aspect of manufacturing. 
Although the costs for manufacturing the next-generation guidewires would 
represent an initial capital cost above that of what is currently used, there would be 
a certain return on investment period.  
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Chapter 5: Simulation Explanation 
g. In-Depth Procedure 
In order to fully understand how the controllability is affected by the design 
parameters (Young’s Modulus and link diameter primarily), a two-link model is 
constructed using the method described above. After developing the non-linear 
equations of motion and linearizing them about a trajectory, an eight state linear 
time-invariant system is created. The states are the position and orientation of the 
first link, as well as the orientation of the second link as described above, along with 
their respective derivatives. Verification of the model can be seen in Appendix A. 
The singular value problem, which is needed for the computation of the condition 
number for the system, is impossible to solve symbolically even for matrices of the 
size of this simple model as well as for higher order models (Kwon et al., 1996). For 
this reason, an analytical model for the condition number as a function of the input 
parameters cannot be derived. Therefore, the singular value problem is solved 
numerically in order to determine the relation between the input parameters and 
the condition number. 
The lists of variables that affect the condition number are the Young’s Modulus and 
diameter (from the parameter vector), the trajectory that is being linearized about, 
and the inputs which are also being linearized about. In addition to these, the unit 
system chosen and the model inputs (such as discretization link length) also affect 
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the condition number due to numerical instability. The combinations of these will be 
analyzed systematically. These variables can be seen in Table 2. 
 
 
Table 2. Variables of interest 
 variable variable name typical value 
E Young’s modulus 200 GPa 
LD Link diameter length .89 mm 
Xn Guidewire trajectory Bending 
ρ Density 7850 kg m-3 
U Unit system mm kg s 
LL Link discretization length 1 mm-500 mm 
Independent 
variables 
 
Fin, Tin Model inputs .5 N, .001 N m 
Dependent 
variables 
κ Condition number 1020 
 
 
 
The model must be matched up with the physical reality of the guidewire so that the 
results are meaningful. The physical parameters such as link diameter and density 
are chosen from the common values for guidewires in Table 1. A common diameter 
for guidewires is .9 mm, and stainless steel wire will be considered, giving a density 
of 7850 kg m
-3
. For the model input, we can view the current state of guidewires 
multiple ways. For the planar case, a physician has a force input, in whatever 
direction he chooses, available at the proximal end of the wire at all times. This can 
 21 
 
be broken down into two forces on the plane, in the X and Y directions. This force 
input is therefore two inputs into the linearized model. A torque input at the distal 
end, such as a type that could be created by SMAs, is not readily available in current 
guidewire technology. However, the use of a guiding catheter as discussed earlier 
could be approximated as a torque input, and so this input will be considered for 
both current and future interests. These classifications regarding the inputs change 
the model structure significantly. With this in mind, two input groups will be 
analyzed. Force input by itself will be the first, and then both force and torque input 
together will be considered. In addition, in order to determine what effect the link 
discretization has on the condition number, both two and three link models will be 
analyzed. The dynamic equations of motion above a three link model are highly 
coupled and complex and pose great computational burdens on an analysis. Above 
three links will not be considered.  
In the linearization of the model, several parameters need to be chosen. The control 
inputs need to be linearized about a proper value for the Jacobian technique. These 
values are suggested by the mechanical testing done in (Liguori et al., 2008). In this 
paper, several guidewires are tested until material failure; values for the 
linearization are then taken as some fraction of these maximal values. These values 
represent the physician applying sub-maximal forces or torques as the guidewire is 
attempting to reach its goal. Also, a trajectory needs to be developed in order to 
linearize about. A simple trajectory will be used for the majority of the analysis in 
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order to facilitate understanding of the results. This simple trajectory will be the 
case of pure bending, such as if the guidewire was being maneuvered into a 
complicated arterial location. This trajectory begins with the links oriented along the 
positive y-axis, and goes through successive rotations of the θ2 (and θ3 angle for the 
three link case) up to 6 degrees. Here, it is important to note that earlier the “small 
angle” assumption was made in (9), so results over some maximum θ must be 
viewed with skepticism.  
Chapter 6: Results 
Several cases will be analyzed, and a comprehensive collection of the scenarios is 
found in Table 3.  
 
 
Table 3. List of scenarios analyzed 
Primary Variable 
of Interest 
Number of 
Links 
Input Type Trajectory Case 
Force
 
Bending
 
A
 
Force and Torque Bending B Link Diameter 
Force Translation and Bending C 
Force
 
Bending
 
D
 
Length Ratio, 
Diameter Ratio 
Two Links 
Force and Torque Bending E 
Force Bending F 
Force and Torque Bending G Link Diameter 
Three 
Links 
Force Translation and Bending H 
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Table 3. List of scenarios analyzed (Continued) 
Force
 
Bending
 
I
 
Force and Torque Bending J Two Links 
Force Translation and Bending K 
Force Bending L 
Force and Torque Bending M 
Young’s 
Modulus 
Three 
Links 
Force Translation and Bending N 
 
 
h. Two Link Diameter Analysis 
The first case, A, to be analyzed will be a force input only on a two link system. The 
linearized system will be of the form 
 )()()( tButAxtx +=  , (11) 
where A is 88xℜ∈  and B is 28xℜ∈ . The B matrix has two columns due to the fact that 
there is an input force available in both the X and Y directions in the plane. The 
parameters for this scenario are found in Table 4. 
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Table 4. Parameters used in analysis for case A 
Variable Variable name Value 
LD Link diameter length X,Y axis 
E Young’s modulus 200 N m-2 
Xn Guidewire trajectory Bending 
ρ Density 7850 kg m-3 
U Unit system mm kg s 
LL Link discretization length .5 mm 
Fin Model inputs .5 N 
 
 
 
First, the link diameter will be analyzed. The model is linearized about the trajectory 
and values as given above, the controllability matrix formed for each value of link 
diameter that is being analyzed, and then the maximum and minimum singular 
values of the controllability matrix are found. Contour plots of the condition number 
of the controllability matrix for this case can be seen in Figure 5. 
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Figure 5. Contour plots of the condition number of the controllability matrix of a two link system as a 
function of link diameters. The input is force. The first plot is at zero degrees for θ2, while the second 
plot is at three degrees. Darker grays represent lower condition numbers.  
 
 
 
It is seen that there is an area of minimum condition number centered around 1mm 
for both links for both degrees in Figure 5. This would suggest that for this scenario, 
a design point for construction of a two-link representation of a guidewire going 
through a bending procedure would be optimized by the selection of the link 
diameters which correspond to the minimum value of the above graphs. It appears 
that the minimum may shift as the bending proceeds, so the choice of how exactly 
to choose a value would be left up to the designer. This trade-off will be considered 
in the discussion.  
For case B, we have a system still in the form of (11), where A is 88xℜ∈  however, 
now the B input matrix is 38xℜ∈ . This is due to the fact that a third input has been 
considered, that of a distal torque acting on the last link. This simulates either the 
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potential of actively controlled guidewires which are not yet available, or the guiding 
catheter approximation discussed earlier.  
The parameters in Table 4, with the addition of a torque input of .001 Nm are 
accurate for case B as well, which is shown in Figure 6. This analysis shows a region 
of minimum condition number which is different than that of case A. With the 
addition of the new input, the controllability properties of the guidewire model 
change significantly, now favoring a larger diameter for the second link as opposed 
to the previous case when the first link’s larger diameter leads to better 
controllability.  
 
 
      
Figure 6. Contour plots of the condition number of the controllability matrix of a two link system as a 
function of link diameters. The input is both force and torque. The first plot is at two degrees for θ2, 
while the second plot is at six degrees. Darker grays represent lower condition numbers.  
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The next case, C, once again has the same parameters as Table 4, except for the 
addition of a translational motion that accompanies the bending used in cases A and 
B. For this trajectory, the initial and final values can be seen in Table 5. 
 
 
Table 5. Initial and final values for the trajectory used in case C 
Variable Initial Value Final Value 
 
0mm 5mm 
 
1mm s-1 1mm s-1 
 
0mm 100mm 
 
20mm s-1 20mm s-1 
 
90  70  
 
-4  s-1 -4  s-1 
 
0  6  
  s-1  s-1 
 
 
 
The two links are oriented along the Y-axis initially, and over a span of 5 seconds, 
link one rotates from 90 degrees to 70 degrees, link two rotates the same 6 degrees 
as before, and link one translates 5 mm in the X and 100 mm in the Y. Note that the 
velocities remain constant throughout the maneuver. This replicates the scenario of 
the physician pushing the guidewire through an artery and having a slight buckling of 
the wire, which can often occur in procedures that must go through very tortuous 
passages.  
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Although not as well defined as in cases A and B, there is still a discernible region 
that has a trend of lower condition number and therefore higher controllability for 
this procedure, as shown in Figure 7. The trajectory used for case C is a much more 
complex than the case of simple bending, and is a much more accurate attempt to 
replicate an actual procedural trajectory.  One question is why is so much more 
noise introduced during this analysis compared to the relatively smooth plots in, for 
example, Figure 6?  
 
 
      
Figure 7. Contour plots of the condition number of the controllability matrix of a two link system as a 
function of link diameters. The input is force. The first plot is after 1.25 seconds, and the second plot 
is at the final state. Darker grays represent lower condition numbers.  
 
 
 
i. Two Link Ratio Analysis 
For another viewpoint into attempting to find optimal design points for guidewire 
construction, link and diameter ratios can be used; this set-up constitutes cases D 
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and E. In this analysis, the overall link length and mass of the wire or needle are set.  
This two link analysis can be visualized as in Figure 8 
 
 
 
Figure 8. Two link approximation of a surgical needle. The ratio of the diameters and lengths of each 
link can be varied independently with the given constraints. 
 
 
 
For this two link analysis, LL1 is varied relative to LL2 with the constraint equation 
 LTotalLL LLL =+ 21  (12) 
The other constraint relates the fact that the mass is set, therefore dictating the 
choice of the diameters. The equation is 
 Total
D
L
D
L M
LLLL =+ ρpiρpi
44
2
2
2
2
1
1  (13) 
 
This constraint equation takes the contribution of mass from both links and sets 
them equal to the total mass chosen by the designer. For this case, a needle with 
properties similar to surgical needles out on the market (Roberts, 2004), seen in  
Table 6, are used.  
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Table 6. Common values for surgical needles 
Length Diameter Density Mass 
30 mm 2 mm 7850 kg m-3 .74 g 
 
 
 
With these constraints, the proper ratios need to be set up to analyze the ratio 
spaces accurately. As the lengths are of the first power, the ratio for these is simply 
 
21
1
LL
L
links LL
L
r
+
=  (14) 
As the diameters are raised to the second power, a ratio that will accurately portray 
the diameter domain is  
 
2
2
2
1
2
1
DD
D
diam LL
L
r
+
=
 (15) 
As can be seen in  Figure 9, which represents case D, there are two interesting 
regions for this two link force input case. The upper portions of the graph show a 
region of very low controllability; this is where a designer should avoid. The bottom 
right regions show a promising region of controllability. This bottom-right region 
represents a large LL1 relative to LL2, as well as a much thicker LD2 relative to LD1.  
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Figure 9. Contour plots of the condition number of the controllability matrix of a two link system as a 
function of link ratio and diameter ratio. The input is force. The first plot is at zero degrees for θ2, 
while the second plot is at six degrees. Darker grays represent lower condition numbers.  
 
 
 
This type of link setup would be similar to the illustration in Figure 8, and would 
represent a design decision that a manufacturer of surgical needles could use as a 
guideline for their products. 
Similar to the previous analysis is case E, shown in Figure 10 except for there is now 
a distal torque input which could represent an SMA active guidewire. The same 
regions of interest are found in this analysis; however, the region of low 
controllability is much better defined at bending of zero degrees, allowing the 
designer to more accurately know what values to not choose. 
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Figure 10. Contour plots of the condition number of the controllability matrix of a two link system as 
a function of link ratio and diameter ratio. The inputs are force and torque. The first plot is at zero 
degrees for θ2, while the second plot is at six degrees. Darker grays represent lower condition 
numbers.  
 
 
 
j. Three Link Diameter Analysis 
The next set of cases to be looked at is that of the three link model when primarily 
considering the link diameters as the independent variable. This model may be far 
more accurate. The two link model has set up the framework for the controllability 
properties; however, the two link model may be degenerated beyond the point 
where its properties and structure can be generalized to a real-life application. This 
is the realm of the three link model, and cases F, G, and H. 
In Figure 11, the evolution of the controllability is shown for a three link model 
undergoing a bending procedure with a force input into the model, which is case F. 
This bending procedure is similar to the two link model, where θ2 and θ3 increase 
from an initial condition of zero displacement to some final angle, and the 
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controllability properties of the wire are analyzed over this trajectory. In the upper 
right plot, a definitive region of minimum controllability appears, and it morphs as 
LD3 is increased from .15 mm through 2mm. 
    
    
Figure 11. Contour plots of the condition number of the controllability matrix of a three link system 
as a function of link diameters. The input is force. These plots are all at zero degrees for θ2 and θ3, 
Each successive graph represents the procession of LD3 from .15mm through 2mm. 
 
 
 
As there are now many variables that affect the condition number, it becomes more 
difficult for the designer to determine what set of variables to choose. An absolute 
minimum value for the controllability matrix for a set of entries in the parameter 
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space would be a simple choice. In addition, some sort of averaged value could be 
determined across the trajectory (bending) that this case analyzes could be done, 
taking each design point and finding how controllable that point Is for the entire 
maneuver. In order to validate the model, a simulation is run where a three-link 
model passes through a rigid passageway (such as an artery) which will be detailed 
shortly; the absolute minimum method will be used to generate the design points 
for this test. 
A similar evolution can be seen in Figure 12, which is the same case as for Figure 11, 
except these plots are at the completion of the bending maneuver, instead of at the 
beginning of the maneuver. The bottom right plot, which corresponds to a LD3 of 
2mm, shows a very well-defined region where there are good controllability 
properties. 
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Figure 12. Contour plots of the condition number of the controllability matrix of a three link system 
as a function of link diameters. The input is force. These plots are all at six degrees for θ2 and θ3, Each 
successive graph represents the procession of LD3 from .15mm through 2mm. 
 
 
 
Figure 13 represents case G, which is a three link model undergoing the bending 
procedure described previously, with a torque input added as well. An interesting 
result of this analysis is in the upper right plot, which shows multiple local minimums 
in the contour plot. These correspond to various design points that may have 
differing advantages and weaknesses with similar controllability properties. 
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Figure 13. Contour plots of the condition number of the controllability matrix of a three link system 
as a function of link diameters. The inputs are force and torque. These plots are all at three degrees 
for θ2 and θ3, Each successive graph represents the procession of LD3 from .15mm through 2mm. 
 
 
 
For the final case of diameters as the variable of interest, a more complex trajectory, 
similar to that described in Table 5 but with the final link bending just as the second 
link does, is used to analyze the controllability of the three link model. This case is 
shown in Figure 14. 
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Figure 14. Contour plots of the condition number of the controllability matrix of a three link system 
as a function of link diameters. The input is force. These plots are all at the final time step for the 
translational/bending maneuver. Each successive graph represents the procession of LD3 from .15mm 
through 2mm. 
 
 
 
k. Two Link Stiffness Analysis 
The other primary independent variable is the Young’s modulus of the material that 
composes the guidewire. This analysis assumes that there is a wide variety of 
materials with varying stiffnesses that can be used in the human body. For the two 
link model, a bending trajectory will be used for case I.  
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In Figure 15, it is seen that the condition number is a minimum as the stiffness of the 
torsional spring (and therefore the actual guidewire) approaches zero. This result 
can be interpreted that as the wire is more easily bent, it can more easily reach 
contorted positions in its state space. The previous example also shows that as the 
model goes through the trajectory, the condition number increases. This higher 
condition number, which corresponds to a lower controllability, is an intuitive 
notion. This represents the problem that physicians have when trying to navigate 
extremely tortuous passages, specifically: the more difficult the passage is; the more 
difficult control becomes. 
 
 
 
Figure 15. Contour plot of the condition number of the controllability matrix of a two link system as a 
function of Young’s Modulus and degrees bent of θ2. The input is force. Darker grays represent lower 
condition numbers. 
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The analysis done for case J is shown in Figure 16, which illustrates the same 
relations as those in the previous case. 
 
 
 
  
Figure 16. Contour plot of the condition number of the controllability matrix of a two link system as a 
function of Young’s Modulus and degrees bent of θ2. The inputs are force and torque. Darker grays 
represent lower condition numbers.  
 
 
 
A more complicated trajectory will now be attempted for the next scenario, case K, 
with a translational/bending trajectory being employed, similar to the one used in 
case C for the two link model analyzing link diameters. The results of this can be 
seen in Figure 17. 
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Figure 17. Contour plot of the condition number of the controllability matrix of a two link system as a 
function of Young’s Modulus and step in a translational/bending maneuver. The input is force. Darker 
grays represent lower condition numbers.  
 
 
 
In this scenario, case L, there is much more noise than in most of the other cases. It 
is difficult to draw any design criteria from this analysis. 
l. Three Link Stiffness Analysis 
The final model scenario is that of the three link model. There are now two torsional 
springs, one in between the first two links and another in between the final two 
links. Each torsional spring corresponds to the Young’s modulus in a section of the 
wire. The case for simple bending is considered in Figure 18. 
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Figure 18. Contour plots of the condition number of the controllability matrix of a three link system 
as a function of E1 and E2. The input is force. The first plot represents three degrees of bending, while 
the second plot represents six degrees of bending. 
 
 
 
In this scenario, case L, the three link model shows an interesting case of symmetry. As long 
as the two torsional springs remain similar, the condition number is minimized and the 
controllability remains maximized. This result also makes intuitive sense; for example, 
consider the case of the wire attempting to follow a curving artery. The links are being 
“commanded” (either by the command input or the constraint of the artery wall which is 
not considered) to rotate to some certain angle. From how the problem has been 
formulated in this paper, the forces and torques that are available to be transmitted to the 
wire will be of similar magnitude at all points. Therefore, for the same input force, if the first 
torsional spring is much stiffer, that joint will not be able to reach the same angle as the 
joint associated with the second torsional spring, which will be deflected much more. In this 
case, controlling the wire to the set curvature of the artery (which is the exact trajectory 
used in Figure 18) will be more difficult than if the torsional springs were of similar 
stiffnesses. These plots also bring up the same idea as from case G, that there can be 
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several local minimums which may all have similar controllability values. These all 
represent design points that may have other tradeoffs that can be considered by the 
designer. These comments are also well illustrated by case M, which is similar to 
case L except with an added torque input distally, and the results can be seen in 
Figure 19. 
 
 
    
Figure 19. Contour plots of the condition number of the controllability matrix of a three link system 
as a function of E1 and E2. The inputs are force and torque. The first plot represents three degrees of 
bending, while the second plot represents six degrees of bending. 
 
 
 
The last case, case N, for the three link model which analyzes the stiffness properties 
will be similar to case L, but with a more complex trajectory of translation and 
bending as discussed previously. In this case, it is important to note that, due to 
computational limitations and model complexity, there is limited resolution when 
analyzing the parameter space. This holds true for all three link models in this paper. 
The results of this analysis can be seen in Figure 20. 
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Figure 20. Contour plots of the condition number of the controllability matrix of a three link system 
as a function of E1 and E2. The input is force. These plots progress through the steps of a 
translational/bending maneuver. 
 
 
 
The results from this analysis suggest a few design points that could be used to 
manufacture optimal guidewires in the framework of this test. 
 
m. Singular Value Decomposition 
The singular value decomposition, which is use to construct the condition number, 
has interesting properties. If the singular values of case A are analyzed, an 
interesting property can be seen, which is shown in Figure 21.  
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Figure 21. Multiple trend lines of increasing LD1 displaying the singular values of the controllability 
matrix of the system as a function of the state of the system for a specific portion of the bending 
trajectory and LD2. These are taken from case A. 
 
 
 
In case A, the link diameters were being analyzed. Figure 21 takes a specific value for 
the second link diameter and takes a specific bending value of the trajectory, and 
shows how the singular values change as a function of the state of the model. 
Perhaps the relative amount of “control” for individual states could be shown by the 
singular values. If this is the case, for the set-up as described, the control is increased 
as LD1 is increased. 
n. Optimal Guidewire Parameter Suggestions 
The suggested link physical properties for each case will be summarized in Table 7. 
The method used to determine what design points represent the optimal solution 
will be to take the parameters that accompany the minimum singular value that can 
be found across the entire trajectory. 
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Table 7. List of scenarios analyzed 
Case LD1 
(mm) 
LD2 
(mm) 
LD3 
(mm) 
E1 
(GPa) 
E2 (GPa) rLinks rDiam 
A 1.056 0.7227      
B 0.7386 1.063      
C 0.4884 0.1302      
D      0.8112 0.1945 
E      0.8428 0.1897 
F 2.0 2.0 2.0     
G 0.9457 0.9457 0.4472     
H 2.0 0.9457 .10     
I    0    
J    0    
K    217.8    
L    20 20   
M    39.36 39.36   
N    20.0 28.057   
 
 
Chapter 7: Conclusions 
This method shows promise in analyzing the controllability properties of guidewires. 
There are limitations such as the highly complex dynamical modeling leads to 
computational burdens. The method used, namely linearizing the model and 
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analyzing the chosen parameters about some trajectory, led to many intuitive 
results that justify the method on a qualitative level.  
 
Chapter 8: Future Work 
This analysis, although intuitivetely and qualitatively sound, lacks quantitiative proof. 
A physical simulator of a guidewire following a trajectory, using some metric to 
assess the quality of the design, would be a good validating method that can be 
attempted. 
 One great limitation of the model is the lack of consideration for the environment 
that the link will act in. The next step in this work is to create an environmental 
simulator that will allow the link to travel through, calculating contact forces with 
the wall. These contact forces represent extra inputs into the system that will 
change the controllability properties, and the assumptions made in this work may 
lead to very unrealistic approximation to a real system.  
In addition, a system model with more links could be attempted if more 
computational resources were available. 
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Appendix A: Model Verification 
 
 
 
 
The two link model was verified by testing each input in the critical configurations. Figure 22 
show the response for an input force of 1 N and an initial configuration aligned with the y-
axis. In this case, considering the pushing force always acts in the direction of the wire, a 
displacement in the y-axis is found. The case of 1 N input force and initial configuration 
aligned with the x-axis is also seen in Figure 23, with the expected results. Finally, the case 
of a torque acting on the second link is seen, where we would expect θ2 to stay bounded 
within one revolution (because it is defined relative to θ1’s position), and θ1 to continually 
increase in the direction of the acting external torque (because it is defined globally), seen in 
Figure 24 and Figure 25. 
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Figure 22. Two link model initially aligned in the positive x-direction with an input force 
aligned along the wire. 
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Figure 23. Two link model initially aligned in the positive y-direction with an input force 
aligned along the wire. 
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Figure 24. Two link model initially aligned in the positive y-direction with an input 
torque acting on the second link showing the periodic behavior of x1 and y1 as they 
rotate about the center of mass of the system. 
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Figure 25. Two link model initially aligned in the positive y-direction with an input torque acting on 
the second link showing the unbounded nature of θ1 and the bounded nature of θ2. 
The three link model was verified as well. The scenario considered was an initial 
displacement of θ3 of 45 degrees. A force in the Y direction is also input. Fig 26 shows the 
response to this input scenario. 
 
 51 
 
 
0.002 0.004 0.006 0.008 0.010
Time HsL
-0.04
-0.03
-0.02
-0.01
0.01
0.02
Position X1 Hmm L
 
0.002 0.004 0.006 0.008 0.010
Time HsL
0.05
0.10
0.15
0.20
Position Y1 Hmm L
 
0.002 0.004 0.006 0.008 0.010
Time HsL
0.2
0.4
0.6
0.8
1.0
Position Theta 1Hmm L
 
Figure 26. Model verification for three link model. 
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Figure 26. Model verification for three link model. (Continued) 
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